Let R be a commutative ring with non-zero identity. This paper is devoted to study some of properties of multiplication modules. A number results concerning multiplication modules are given.
Introduction
Throughout this paper all rings will be commutative with non-zero identity and all modules will be unitary. Multiplication modules and ideals have been investigated in El-Bast and Smith (1988) , P. F. Smith (1988) and others. The aim of this paper is to study multiplication modules over commutative rings. Various properties of multiplication modules are considered (see sec. 2). Now we define the concepts that we will use. If R is a ring and N is a submodule of an R-module M, the ideal {r ∈ R : rM ⊆ N} will be denoted by (N : M). Then (0 : M) is the annihilator of M. An R-module M is called a multiplication module if for each submodule N of M, N = IM for some ideal I of R. In this case we can take I = (N : M).
Let N be an R-submodule of M. Then N is pure in M if any finite system of equations over N which is solvable in M is also solvable in N. So if N is pure in M, then IN = N ∩ IM for each ideal I of R. A module M is pureinjective if and only if any (infinite) system of equations (allowing infinitely many indeterminates) in M which is finitely solvable in M is solvable in M. An R-module M is regular if all its submodules are pure. An R-module is absolutely pure if it is pure in every module that contains it as a submodule. An important property of regular rings is that every module is absolutely pure (see [7] .
Multiplication modules
Let p be any prime and let M denote the Z-module E(Z/pZ), the injective hull of the Z-module Z/pZ. Then M is not multiplication, but it is divisible. Moreover, the Z-module Z/p n Z, n ≥ 1, is multiplication, but it is not divisible. Now we will prove the following results: An R-module M is secondary if 0 = M and, for each r ∈ R, the Rendomorphism of M produced by multiplication by r is either surjective or nilpotent. We recall that by [5. Theorem 2.2], over a commutative ring R, every secondary multiplication R-module is finitely generated. Also, in general, every submodule of a finitely generated R-module is not finitely generated, but we have the following result: Theorem 2.3. Every pure submodule of a secondary multiplication R module is finitely generated.
Proof. Assume that that M is a secondary multiplicatin R-module and let N be a pure submodule of M, so by [6, Lemma 2.1], N is a secondary submodule of M. Now we show that N is multiplication. Let K be a submodule of N.
Theorem 2.4. Let R be a commutative ring and M a finitely generated faithful multiplication R-module. Then R is a regular ring if and only if M is regular.
Proof. If R is regular, then every module over R is absolutely pure by [7, Theorem 16 .A]. Conversely, suppose that I is an ideal of R. It is enough to show that I 2 = I. As M is regular, N = IM is a pure submodule of M, so
Let M denote the Z-module Z/2Z ⊕ Z/3Z. Then M is multiplication, but it is not a prime Z-module and also Q, the quotient field of Z, is prime which is not multiplication. [9] ). It is easy to see that s-pure submodules are pure submodules, but the converse is not true. However, by Proof. Let N be a non-zero s-pure submodule of M. Then by Proposition 2.8, we have
A proper submodule N of a module M over a commutative ring R is said to be weakly primary submodule (resp. primary submodule) if whenever 0 = rm ∈ N (resp. rm ∈ N), for some r ∈ R, m ∈ M, then m ∈ N or r n M ⊆ N for some n. So a primary submodule is weakly prime. However, since 0 is always weakly prime (by definition), a weakly prime submodule need not be prime, but we have the following result: Conversely, assume that P is a maximal ideal of R such that P M = M. Then P (M/K) = (P M + K)/K = P M/K = M/K, so P M/K is a maximal submodule of the multiplication R-module M/K; hence P M is a maximal submodule of M, as required.
